
 Poisson boundaries for random walks on groups
with a view towards geometric group theory

Lecture I 1 introduction to random walks

2 definitionof Poisson boundary

Lecture 2 3 entropy theory
4 identification criteria

Lecture 3 5 applications to
geometricgroup theory

6 apple.to Sublinearly Morse
boundary

Eg G R M Stags
o o o o o o
2 1 O I 2

Wn X t Xu where Xi are Id
p
increment



RW is recurrent I Wn o infinitely often I

G Ed d dimensional grid

For d 2 RW is recurrent
For d 3 RW is transient

ICWn o infinitelyoften o

Def The DRIFT SPEED of RW is

l king Mund almost surely

For symmetric RW on Zd l o

G Iz ha b me datdarts toy



The drift l 0

Ide

du d wn o

E Idn I exercise

A e sample path converges to the
Gromov boundary

Definition of RW

Let G be countable group let y be
prob measure on G

Consider sequence gm of elementsof G
indent identishbuted with
distribution p



Wh 9292 gu

EI potato we aabbab

gin INCREMENTS I i d

Wn SAMPLE PATH NOI Ed

Let G Isom X d pick o e X
basepoint

É
g
Go

GTPSLIR Isom H1 Ism D

MIKA JB

we ABBAB



tYÉ pin signincrements II

GYM GER IP

gu 1 7 Wnt lg gu

IP P Cpt

Twoshifts 0 Gt IN measure

gu gut
Preserving

T c r

TCwn Wai
time shift leaving

É
the location of the
walk fixed

Wnt g ga gn Is wi ga gu gi w
w gu



Questions

2 Does random walk converge almost surely
to a suitable 2

ÉÉhÉFurstenberg
If u is a non elementary measure on

PSL IR then for a e un the
limit

3 his who e JD exists

intany suppm not contained in 1 parameter
subgroup

2 How good is the convergence E gare sample paths close to geodesic raysin the space X



sublinear tracking ray approximation

É

akin so

3 What are the propertiesof the hotting
measure Eg is it theameas
Elebesgue Patterson Sullivan
measure

Df If a s who converges
to 2X

define HITTING MEASURE Up

FCA P lim Wao e A

mfs't
n



4 Is there a Poisson representation formula

Duality between
bounded harmonic
functions on a s

boundedmeasurable

functions on 26

ET Given a RW on GC Isom X with a

notion of 2X sit the RW converges a s

to DX do we have a PoissonRep
formula on 2X Poisson boundary

The Poisson1 Furstenberg boundary

Poisson representation formula
HARMONIC FUNCTIONS

LTD u ID IR auto suplul a

Thm There is a correspondence

LTD e LOAD

YfD take limit value



f E lim u z
Z 3

probabilistic interpretation

fly him E u B Bo 3
to

Ytwe

2 convolution with Poisson kernel

Pr G
L r2

Itr Zr Cost

acre Eff et Plt O dt
IT

Then u is harmonic



Interpretationof the Poisson rep formula

Stagoyr

g a reit

There exists ge Isom ID sit

g lol a

g Z
9 z

i a z lg't l I
Z e it

lgiceitl I.ie
oTuCrei0lf.ifCeitlIg'ceitydty

Spf 3 49,1 z dace

f th dga
JD



Harmonic functions ongroups
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